Abstract. This paper gives some inclusion relationships of certain class of p -valent functions which are defined by using the new linear operator ℜ α,γ β ,p . Further, a property preserving integrals is considered.
Introduction
Let A (p) denote the class of functions of the form
a k+p z k+p (p ∈ N = {1, 2, 3, ...}) , (1.1) which are analytic and p -valent in the unit disc U = {z : z ∈ C and |z| < 1} and let A (1) = A. If f and g are analytic in U , we say that f is subordinate to g , written symbolically as, f ≺ g or f (z) ≺ g(z), if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U) such that f (z) = g(w(z)) (z ∈ U). In particular, if the function g is univalent in U , we have the equivalence (see for example [7] ):
For functions f ∈ A (p) given by (1.1) and g ∈ A (p) given by
the Hadamard product (or convolution) of f and g is given by
, it is easy to verify that
where the operator Q α β ,p was introduced and studied by Liu and Owa [5] and Q α β ,1 = Q α β , where the operator Q α β was introduced and studied by Jung et al. [3] ; (ii) For α = γ and β = c,
where J c,p is the familiar integral operator, which was defined by Saitoh et al. [9] . The operator J c,1 = J c was introduced by Bernardi [1] and we note that J 1,1 = J was introduced and studied by Libera [4] and Livingston [6] .
Using (1.3) condition (1.4) can be re-written in the form
(ii) For γ = α + 1 and β = c, we have
Basic properties of the class
Unless otherwise mentioned, we shall assume in the reminder of this paper that β > −p, α > γ − 2, γ ∈ R, 0 λ < 1, and p ∈ N.
We begin by recalling the following result (Jack's lemma), which we shall apply in proving our inclusion theorems below. 
THEOREM 1. The following inclusion property for the class R p
then from (1.3) we have
(2.3) Differentiating (2.3) with respect to z, we obtain
We claim that |w(z)| < 1 for z ∈ U . Otherwise there exists a point z 0 ∈ U such that max |z| |z 0 | |w(z)| = |w(z 0 )| = 1 . Applying Jack's lemma, we have
From (2.4) and (2.5) we have
(2.6)
Since Re
= λ , ξ 1, and
2 is real and positive, we see that
Hence |w(z)| < 1 for z ∈ U and it follows from (2.2) that f ∈ R p (α + 1, β , γ, λ ). This completes the proof of Theorem 1.
THEOREM 2. Let c be any real number and c >
where J c,p is defined by (1.5) .
Proof. From (1.5), we have
Define a regular function (ii) Taking γ = α + 1 and β = c (c > −p) in the above results, we obtain analogues results for the subclasses which are defined in Remark 2 (ii).
